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Abstract
In this paper, we establish some definite integrals involving generalized hypergeometric function,
product of algebraic functions, Jacobi function, Legendre function and general class of polynomi-
als. Certain special cases of the main results are also pointed out.
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1. Introduction
In past few decades, many researchers are attracted to diverse techniques of special functions and
their uses in many other areas of mathematics. These functions as a part of the theory of hy-
pergeometric functions, are important special functions and they are closely related to physics and
engineering applications. The great applications in a wide variety of fields (Srivastava et al. (2014))
have played a pivotal role in the advancements of further research in special functions.
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Several further properties of each of generalized incomplete hypergeometric functions and some
classes of incomplete H-functions associated with them can be found in the subsequent devel-
opments presented in recent articles (Bansal et al. (2019); Bansal et al. (2020)). In view of
their importance and popularity in recent years, the theory of operators of fractional calculus
have been developed widely and extensively by many researchers (Chaurasia and Singh (2015);
Suthar, Parmar et al. (2018)) and various generalizations associated with integrals have been
studied (Chaurasia and Singh (2014); Kumar et al. (2018); Khan (2017); Nisar et al. (2017);
Sarbia and Kalla (2002); Suthar et al. (2017); Suthar, Agarwal et al. (2018)).
2. Preliminaries
For our investigation, we need extended generalized hypergeometric function (Srivastava et al.
(2014)) defined as:
rFs [x] = rFs
[
(ς1, p), ς2, · · · , ςr;






(ς1; p)n (ς2)n , · · · , (ςr)n




where (λ; p)n denotes the Pochhammer symbol (see (Srivastava et al. (2014)), p. 485 Eq. (1.66))





, (<(p) > 0; λ, n ∈ C),
(λ)p, (p = 0; λ, n ∈ C).
(2)




xz−1 exp(−x− p/x)dx, (<(p) > 0; z ∈ C),
Γ(z), (p = 0; <(z) > 0). (3)
The analogous extensions of the Gauss hypergeometric and the confluent hypergeometric func-






























For the current investigation, we need the following definitions.
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Definition 2.1.




e−ttλ−1dt, <(λ > 0). (6)
Definition 2.2.




tu−1 (1− t)v−1 dt = Γ (u) Γ (v)
Γ (u+ v)
= B(v, u), (u, v ∈ <). (7)
Definition 2.3.
The Jacobi polynomial P (τ,v)n (x) (Rainville (1960), p. 254) is defined as:





−n, 1 + τ + v + n;





where 2F1 is the classical hypergeometric functions defined as:
2F1
[
−n, 1 + τ + v + n;












When τ = v = 0, then the polynomial (8) becomes the Legendre polynomial(Rainville (1960), p.
157) and also, we have














ε(ε+ 1)− τ 2(1− x2)−1
]
f = 0, (10)










ε(τ − ε)(τ + ε+ 1)−1
]
= 0, (11)




x as the independent variable, the above differential equation (10) becomes
3
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as follows:
δ (1− δ) d
2ε
dδ2
+ (τ + 1) (1− 2δ) dε
dδ
+ [ε (ε− τ) (τ + ε+ 1)] = 0. (12)
The solution of Equation (10) in the representation of Gauss hypergeometric equation with
a = τ − ε, b = τ + ε+ 1 and c = τ + 1 is as follows:
















, |1− x| < 2, (13)
where P τε (x) is well-known Legendre function of the first kind (see Erdélyi et al. (1953)).
Definition 2.5.
The general class of polynomials Sm1,··· ,mrn1,··· ,nr [x] (Srivastava (1985), p. 185, Eq. (7)) is presented in
the following manner:













where n1, · · · , nr = 0, 1, 2, · · · ;m1, · · · ,mr are arbitrary positive integers and the coefficient
Ani,li(ni, li ≥ 0) are arbitrary constants, (real or complex). On suitably specializing the coefficients
Ani,li , Sm1,··· ,mrn1,··· ,nr [x] yields a number of known polynomials as its special cases. These includes
Laguerre polynomials, Bessel polynomials, Jacobi polynomials, Hermite polynomials, Brafman
polynomials, Gould-Hopper polynomials and several others (Srivastava and Singh (1983), pp. 158-
161).
The objective of this paper is to establish some definite integrals involving generalized hyperge-
ometric function, product of algebraic functions, Jacobi function, Legendre function and general
class of polynomials.
During the course of this paper, let C be sets of complex numbers, < - real, <+ -positive numbers,
Z−0 - non-positive and N -positive integers.
3. Integrals involving generalized hypergoemetric functions with
algebraic function
In this section, we evaluate the following integral formulas involving generalized hypergeometric
function with some algebraic functions:
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Γ (n− ξ + 1) Γ (ξ − ω)
Γ (n− ω + 1)
= B (1− ξ, ξ − ω) r+1Fs+1
[
(ς1, p), ς2, ..., ςr, (1− ξ) ;









































(ς1, p), ς2, ..., ςr, ξ;
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By letting x− 1 = t and taking as x→∞, t→∞ and using the formula
Γ(ς)Γ(ϑ) = Γ(ς + ϑ)
∫ ∞
0
xς−1(1 + x)−(ς+ϑ)dx, (17)





























= B(ω, ξ − ω)r+1Fs+1
[
(ς1, p), ς2, ..., ςr, ξ − ω;

















(1− x)ξ+τ n+1−1(1 + x)ω+1−1dx.
By using the formula (Rainville (1960), p. 26)
∫ 1
−1
(1− x)ξ+n(1 + x)ω+ndx = 22n+ξ+ω+1B(ξ + n+ 1, ω + n+ 1), (19)








2τn+ω+ξ+1B(1 + ξ + τ n, 1 + ω)





Γ(1 + ξ + τn)
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In particular, if τ = 1, then Equation (20) becomes
I4 = 2
ω+ξ+1 Γ(1 + ω)Γ(1 + ξ)
Γ(ξ + ω + 2)
∞∑
n=0
(ς1, p)n(ς2)n...(ςr)n(1 + ξ)n




Γ(1 + ω)Γ(1 + ξ)
Γ(ξ + ω + 2)
r+1Fs+1
[
(ς1, p), ς2, ..., ςr, 1 + ξ;




4. Integrals involving generalized hypergoemetric functions with Jacobi
polynomials
In this section, we derive the following integral formulas involving generalized hypergoemetric


















xλ (1− x)τ (1 + x)µ+nl P (τ,v)n (x)dx. (22)
Next using the following formula
∫ 1
−1
xλ (1− x)ς (1 + x)µ P (ς,ϑ)n (x)dx
=
(−1)n 2ς+µ+1Γ (µ+ 1) Γ (n+ ς + 1) Γ (µ+ ϑ+ 1)
n!Γ (µ+ ϑ+ n+ 1) Γ (µ+ ς + n+ 2)
×3F2
[
−λ, τ + ϑ+ 1, τ + 1;




where ς > −1 and ϑ > −1. Also 3F2 is the special case of generalized hyergeometric series. Then









n 2τ+µ+nl+1Γ (µ+ nl + 1) Γ (n+ τ + 1) Γ (µ+ nl + v + 1)
n!Γ (µ+ nl + v + n+ 1) Γ (µ+ nl + τ + n+ 2)
×3F2
[
−λ, µ+ nl + v + 1, µ+ nl + 1;
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After some rearrangements, we get
I5 = 2
τ+µ+1Γ (τ + 1) r+1Fs
[




× Γ (µ+ nl + 1) Γ (µ+ nl + v + 1)
n!Γ (µ+ n(l + 1) + v + 1) Γ (µ+ n(l + 1) + τ + 2)
×3F3
[
−λ, µ+ nl + v + 1, µ+ nl + 1;




From Equation (24), we can justify the special case.













τ+µ+1Γ (τ + 1) r+1Fs
[






−λ, µ+ n+ v + 1, µ+ n+ 1;
µ+ 2n+ v + 1, µ+ n+ τ + n+ 2, 1;
1
]




















Γ (µ+ τ + 2)
= 2τ+µ+1Γ (τ + 1)
Γ (µ+ 1) Γ (µ+ v + 1)
Γ (µ+ v + 1) Γ (µ+ τ + 2)
×r+3Fs+4
[















−λ, µ+ n+ v + 1, µ+ n+ 1;
























−n, 1 + τ + ν + n;





Applications and Applied Mathematics: An International Journal (AAM), Vol. 15 [2020], Iss. 3, Art. 7
https://digitalcommons.pvamu.edu/aam/vol15/iss3/7












(−n)k (1 + τ + ν + n)k





(1− x)δ+nl+k (1 + x)ν dx. (26)










(−n)k (1 + τ + ν + n)k (n+ 1)k
(1 + τ)k 2
kk!(n+ k)!
×2δ+nl+k+ν+1 Γ (1 + δ + nl + k) Γ (1 + ν)
Γ (δ + nl + k + ν + 2)
= 2δ+ν+1Γ (1 + ν) r+1Fs
[







(−n)k (1 + τ + ν + n)k (n+ 1)k (1 + δ + nl)k
(1 + τ)k k!(n+ k)!(δ + nl + ν + 2)k
Γ (1 + δ + nl)
Γ (δ + nl + ν + 2)
. (27)
By substituting (n+ k)! = (n+ 1)k n! = (n+ 1)k (1)n into Equation (27), we get
I6 = 2
δ+ν+1Γ (1 + ν) r+1Fs
[







(−n)k (1 + τ + ν + n)k (n+ 1)k (1 + δ + nl)k
(1 + τ)k (n+ 1)k (1)n (δ + nl + ν + 2)k
1k
k!
Γ (1 + δ + nl)
Γ (δ + nl + ν + 2)
= 2δ+ν+1Γ (1 + ν) r+1Fs+1
[
(ς1, p), ς2, ..., ςr, 1 + τ ;





−n, 1 + τ + ν + n, 1 + δ + nl;
1 + τ, δ + nl + ν + 2;
1
]
Γ (1 + δ + nl)
Γ (δ + nl + ν + 2)
. (28)
In particular, if l = 1, then
I6 = 2
δ+ν+1B(1 + ν, 1 + δ)r+2Fs+2
[
(ς1, p), ς2, ..., ςr, 1 + τ, 1 + δ;





−n, 1 + τ + ν + n, 1 + δ + n;
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(1− x)ξ (1 + x)ω P (τ,ν)n (x)rFs
[












(1− x)ξ+nl (1 + x)ω+nh P (τ,ν)n dx
= r+1Fs
[





(−n)k (1 + τ + ν + n)k





(1− x)ξ+nl+k (1 + x)ω+nh dx.
On using the result (19), we obtain
I7 = r+1Fs
[





(−n)k (1 + τ + ν + n)k
(1 + τ)k k!2
kn!
×2ξ+nl+k+ω+nh+1B (1 + ξ + nl + k, 1 + ω + nh)
= 2ξ+ω+1r+1Fs
[





(−n)k (1 + τ + ν + n)k
(1 + τ)k n!
1
k!
×Γ (1 + ξ + nl + k) Γ (1 + ω + nh)
Γ (ξ + n(l + h) + k + ω + 2)
= 2ξ+ω+1r+1Fs+1
[
(ς1, p), ς2, ..., ςr, 1 + τ ;





−n, 1 + τ + ν + n, 1 + ξ + nl;
1 + τ, ξ + n(l + h) + ω + 2;
1
]
Γ (1 + ξ + nl) Γ (1 + ω + nh)
Γ (ξ + n(l + h) + ω + 2)
. (30)
For the particular value of l = 1 and h = 1, we arrive at the following result
I7 = 2
ξ+ω+1B(1 + ξ, 1 + ω)r+3Fs+3
[
(ς1, p), ς2, ..., ςr, 1 + τ, 1 + ξ, 1 + ω;










−n, 1 + τ + ν + n, 1 + ξ + n;







(1− x)ξ (1 + x)ω P (τ,v)n (x)rFs
[
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(1− x)ξ (1 + x)ω−nl P (τ,v)n (x)dx,
= r+1Fs
[










(1− x)ξ+k (1 + x)ω−nl dx,
= 2ξ+ω+1r+1Fs
[







(−n)k(1 + τ + v + n)k
(1 + τ)kk!n!
Γ(1 + ξ + k)Γ(1 + ω − nl)
Γ(ξ + ω + k − nl + 2)
= 2ξ+ω+1Γ(1 + ξ)r+1Fs+1
[
(ς1, p), ς2, ..., ςr, 1 + τ ;






(−n)k(1 + τ + v + n)k(1 + ξ)k
(1 + τ)kk!
Γ(1 + ω − nl)
Γ(ξ + ω + k − nl + 2)
= 2ξ+ω+1Γ(1 + ξ)r+1Fs+1
[
(ς1, p), ς2, ..., ςr, 1 + τ ;





−n, 1 + τ + v + n, 1 + ξ;
1 + τ, ξ + ω − nl + 2; 1
]
Γ(1 + ω − nl)
Γ(ξ + ω − nl + 2)
. (32)
However, if l = −1, then (32) becomes
I8 = 2
ξ+ω+1B(1 + ξ, 1 + ω)r+2Fs+2
[
(ς1, p), ς2, ..., ςr, 1 + τ, 1 + ω;





−n, 1 + τ + v + n, 1 + ξ;







(1− x)ξ (1 + x)ω P (τ,ν)n (x)rFs
[
























(−n)k (1 + τ + ν + n)k
(1 + τ)k k!2
k
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(−n)k (1 + τ + ν + n)k
(1 + τ)k k!2
k
×2ξ+ω+1+n(l−h)+k Γ(ξ + nl + k + 1)Γ(ω − nh+ 1)
Γ(ξ + ω + nl − nh+ k + 2)
= 2ξ+ω+1r+1Fs+1
[
(ς1, p), ς2, ..., ςr, 1 + τ ;





−n, 1 + τ + ν + n, ξ + nl + 1;
1 + τ, ξ + ω + nl − nh+ 2; 1
]
Γ(ξ + nl + 1)Γ(ω − nh+ 1)
Γ(ξ + ω + nl − nh+ 2)
.
If l = 1 and h = −1, then
I9 = 2
ξ+ω+1B(ω + 1, ξ + 1)r+3Fs+3
[
(ς1, p), ς2, ..., ςr, 1 + τ, ξ + 1, ω + 1;





−n, 1 + τ + ν + n, ξ + n+ 1;




5. Integrals involving generalized hypergoemetric functions with
Legendre function










































2 P τν (x)dx. (35)







2 P τν (x)dx =
(−1)τ 2−ω−τπ 12 Γ(ω)Γ(1 + τ + ν)
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(−1)τ 2−ω−τ−nξπ 12 Γ(ω + nξ)Γ(1 + τ + ν)











(−1)τ 2−ω−τπ 12 Γ(1 + τ + ν)


















In particular, if ξ = 2 in (37), then
I10 =
(−1)τ 2−ω−τπ 12 Γ(1 + τ + ν)Γ(ω)





















































2 P τν (x)dx.
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×r+2Fs+2
[
















6. Integrals involving generalized hypergoemetric functions with general
class of polynomials




(1− x)ξ−1 (1 + x)ω−1 Sm1,...,mrn1,...,nr [z(1− x)
τ (1 + x)ν ]
×rFs
[





































































×2ω+ξ+(τ+ν)li+n(h+k)−1 Γ (ξ + τ li + nh) Γ (ω + νli + nk)
Γ(ω + ξ + (τ + ν)li + n(h+ k))
= Sm1,...,mrn1,...,nr [z] rFs
[





×Γ (ξ + τ li + nh) Γ (ω + νli + nk)
Γ(ω + ξ + (τ + ν)li + n(h+ k))
. (42)














×2ω+ξ+(τ+ν)li−1B (ξ + τ li, ω + νli) . (43)
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7. Conclusion
We conclude here by remarking that the numerous further consequences of our results can eas-
ily be derived by using some known and new relationships between generalized hypergeometric-
functions, which is an elegant unification of various special functions such as: Gauss’s hypergeo-
metric and confluent hypergeometric functions, after some suitable parametric replacements. The
results obtained here are basic in nature and are likely to find useful applications in the study of
simple and multiple variable hypergeometric series which in turn are useful in statistical mechan-
ics, electrical networks, and probability theory.
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